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Abstract 
We obtained the analytical expression for the effective thermoelectric properties and 
dimensionless figure of merit of a composite with interfacial electrical and thermal resistances 
using a micromechanics-based homogenisation. For the first time, we derived the Eshelby 
tensor for a spherical inclusion as a function of the interfacial resistances and obtained the 
solutions of the effective Seebeck coefficient and the electrical and thermal conductivities of a 
composite, which were validated against finite-element analysis (FEA). Our analytical 
predictions well match the effective properties obtained from FEA with an inclusion volume 
fraction up to 15%. Because the effective properties were derived with the assumption of a 
small temperature difference, we discuss a heuristic method for obtaining the effective 
properties in the case where a thermoelectric composite is subjected to a large temperature 
difference. 
 
  
Introduction 
There is increasing interest in thermoelectric power generation, because approximately 
two-third of the energy used in the world is lost as thermal energy.1 Thermoelectric devices can 
convert thermal energy directly into electrical energy and vice versa without mechanical parts 
or phase change and thus can be a reliable solution to recycle the discarded thermal energy.2 In 
addition, the thermoelectric generator is scalable, as it can be made large by connecting several 
modules in series.2 However, thermoelectric devices are not yet commercially available at a 
large scale, owing to their low efficiency. The efficiency of thermoelectric materials is often 
related to a dimensionless number called the figure of merit (ZT), which can be enhanced when 
the material has a large Seebeck coefficient, high electrical conductivity, and low thermal 
conductivity.3 
Recently, considerable efforts have been made to fabricate thermoelectric composites 
possessing a variety of inclusions. For example, nanoscale inclusions are reported to selectively 
reduce the thermal conductivity, while the electrical conductivity and Seebeck coefficient are 
less affected, which enhances the ZT.1,4 Larger-scale inclusions that are comparable to or 
smaller than the longest mean free path of acoustic phonons may improve the thermoelectric 
efficiency by reducing the thermal conductivity. Nonetheless, it is challenging to fully exploit 
the aforementioned advantage of the composite owing to the large fraction of the matrix-
inclusion interface inducing interfacial electrical and thermal resistances. 
Because of the lack of a theoretical model to predict the effective thermoelectric 
properties of a composite, the prediction and design of the composite has not been conducted 
systematically. For a proper description of such a thermoelectric composite, it is necessary to 
develop a homogenisation theory accounting for three aspects that have not been considered in 
previous studies on the effective thermoelectric properties of a composite:5-7 first, the transport 
properties of inclusions smaller than or comparable to the longest phonon mean free path; 
second, the thermoelectric properties in the presence of interfacial electrical and thermal 
resistances to account for the contribution of the interfacial area in a composite; and third, the 
temperature-dependent thermoelectric properties, as thermoelectric devices are usually 
subjected to a large temperature difference between the hot and cold sides.  
In this study, as the first step towards the development of an appropriate 
homogenisation theory, we present a micromechanics-based solution accounting for the 
interfacial electrical and thermal resistances (depicted in Figure 1) in the regime where the 
Fourier conduction law is valid, which is thus applicable when the inclusion is larger than the 
longest mean free path of acoustic phonons. For mathematical simplicity, the temperature-
dependent thermoelectric properties are not taken into account. We formulate the governing 
equation of the thermoelectric composites coupling electrical and thermal responses via the 
Seebeck coefficient using a 6 ൈ 6 thermoelectric property matrix with six-dimensional input 
and output fields (electric fields and temperature gradient as input; electrical current density 
and entropy flux as output) and derive the corresponding Eshelby tensor as a function of the 
interfacial electrical and thermal resistances. Via the mean-field homogenisation scheme called 
the Mori–Tanaka method, we derive the closed-form solutions for the effective thermoelectric 
properties, including the Seebeck coefficient and the electrical and thermal conductivities of 
the composite, which are related to the ZT. All the solutions are benchmarked against finite-
element analysis (FEA), showing that the theoretical prediction matches the FEA results up to 
an inclusion volume fraction of 15% (<3% errors for all the considered material properties).  
Although we consider the temperature-independent thermoelectric properties, the 
governing equation explicitly depends on the temperature. When the average temperature 
between the prescribed temperatures at the cold and hot boundaries is used as the constant 
effective temperature in the theoretical derivation, the effective thermoelectric property 
prediction well matches the numerical simulation performed with a large temperature 
difference. The robustness of such a simple approximation originates from the very small 
multiplicative factors in the temperature-dependence terms in the closed-form solutions of the 
effective thermoelectric properties. To the knowledge of the authors, this is the first study to 
derive the effective thermoelectric properties of a composite in the presence of interfacial 
resistances and can pave the way for the systematic development of thermoelectric composites 
with enhanced efficiency.  
 
Results and Discussion 
Effective Thermoelectric Properties in Absence of Interfacial Resistance 
In the steady state, the constitutive equations for the electrical and thermal conduction 
are coupled as follows: 
𝑱𝑬 ൌ 𝝈𝒆 ൅ 𝝈𝜶𝒈 (1)
𝑱𝑺 ൌ 𝜶𝝈𝒆 ൅ 𝜸𝑇 𝒈, (2)
where 𝑱𝑬 is the electric current density, 𝒒 is the heat flux, 𝑇 is the temperature, 𝑱𝑺ሺൌ 𝒒/𝑇ሻ 
is the entropy flux, 𝒆ሺൌ െ𝜵𝜙ሻ is the electric field, with 𝜙 being the electric potential, 𝒈ሺൌ
െ𝛻𝑇ሻ is the temperature gradient field, 𝝈 is the electrical conductivity, 𝜶 is the Seebeck 
coefficient, 𝜿 is the thermal conductivity with zero electric field, and 𝜸ሺൌ 𝜿 ൅ 𝑇𝜶𝝈𝜶ሻ is the 
thermal conductivity with zero electric current. 𝑱𝑬, 𝑱𝑺, 𝒒, 𝒆, and 𝒈 are vector fields with 
three components.5,6 𝝈, 𝜶, 𝜿, and 𝜸 are 2nd-order tensors that can be represented as 3 ൈ 3 
symmetric matrices. 𝛷 and 𝑇 are scalar fields. The constitutive equations can be expressed 
via the dummy index notation, as follows: 
൤𝑱𝑬𝑱𝑺൨ ൌ ቂ
𝝈 𝜶𝝈
𝜶𝝈 𝜸/𝑇ቃ ൤
𝒆
𝒈൨ (3)
𝐽௉௜ ൌ 𝐸௉௜ெ௡𝑍ெ௡ ⟺ 𝑱 ൌ 𝑬𝒁, (4)
where 𝐽௉௜ ൌ ቊ𝐽௜
ா    𝑃 ൌ 1
𝐽௜ௌ    𝑃 ൌ 2ቋ ∶  flux vector 𝑱 
                          𝑍ெ௡ ൌ ൜𝑒௡    𝑀 ൌ 1𝑔௡    𝑀 ൌ 2ൠ ∶  field vertor 𝒁 
                 𝐸௉௜ெ௡ ൌ ൞
𝜎௜௡     𝑃 ൌ 1, 𝑀 ൌ 1𝜎௜௞𝛼௞௡  𝑃 ൌ 1, 𝑀 ൌ 2𝛼௜௞𝜎௞௡  𝑃 ൌ 2, 𝑀 ൌ 1
𝛾௜௡/𝑇   𝑃 ൌ 2, 𝑀 ൌ 2
ൢ ∶  thermoelectric matrix 𝑬. 
Here, 𝑱 and Z are six-dimensional output and input fields, respectively, and E is a 6 ൈ 6 
matrix accounting for the linear relationship between the input and output fields. The lowercase 
indices correspond to 1–3 (representing the three components of the Cartesian coordinate 
system), and the uppercase indices correspond to 1 and 2 (indicating electrical and thermal 
quantities, respectively). The repeatedly multiplied index (dummy index) represents the 
summation over all the values of the index. The notation for the constitutive equation is inspired 
by previous studies involving micromechanical analyses of piezoelectric composites.8,9   
We aim to obtain the effective thermoelectric property when a composite consisting of 
a matrix and spherical inclusions is subjected to prescribed temperature boundary conditions 
at two ends with 𝑇ு and 𝑇஼, as shown in Figure 2. For the application of the micromechanics-
based mean-field homogenisation, it is necessary to have a uniform 𝑬 within each constituent 
material. Hence, following the approaches used in previous studies5-7, we assume a very small 
temperature difference within the specimen and approximate 𝑇 as the average temperature 
𝑇௔௩௚, as follows. 
𝑇ு ൎ 𝑇஼ ൎ 𝑇 ൎ 𝑇௔௩௚ (5)
(We will later show that the less stringent approximation 𝑇 ൎ 𝑇௔௩௚ ൌ ଵଶ ሺ𝑇ு ൅ 𝑇஼ሻ  for 
significantly different 𝑇ு and 𝑇஼ is sufficient to ensure a good match between the theoretical 
prediction and the numerical calculations of the effective properties.) According to the 
assumption, the governing equation in a homogeneous thermoelectric material can be 
expressed as follows: 
െ 𝜕𝜕𝑥௜ 𝐽௉௜ ൅ 𝑓௉ ൌ 0 where 𝑓௉ ൌ ቊ
𝑄ሶ 𝑃 ൌ 1
𝑔ሶ/𝑇௔௩௚ 𝑃 ൌ 2ቋ, (6)
where 𝑄ሶ  is the point electric current source, 𝑔ሶ  is the point heat source, and 𝑔ሶ/𝑇௔௩௚ is the 
point entropy source. Accordingly, we can define the Green's function 𝑮  for the 
thermoelectricity, where 𝑮ሺ𝒙, 𝒚ሻ represents the potential at 𝒙 caused by the source at 𝒚, as 
follows: 
𝐸௉௜ெ௡ 𝜕𝐺ெோሺ𝒙 െ 𝒚ሻ𝜕𝑥௜𝜕𝑥௡ ൅ 𝛿௉ோሺ𝒙 െ 𝒚ሻ ൌ 0. (7)
More specific interpretations are given as follows.  
 𝐺ଵଵሺ𝒙, 𝒚ሻ: the electric potential at 𝒙 due to a unit point electric current source at 𝒚 
 𝐺ଵଶሺ𝒙, 𝒚ሻ: the electric potential at 𝒙 due to a unit point entropy source at 𝒚 
 𝐺ଶଵሺ𝒙, 𝒚ሻ: the temperature at 𝒙 due to a unit point electric current source at 𝒚 
 𝐺ଶଶሺ𝒙, 𝒚ሻ: the temperature at 𝒙 due to a unit point entropy source at 𝒚 
      Having defined the Green’s function, we can compute the Eshelby tensor, which was 
originally devised in Eshelby’s seminal paper on the elasticity. When an inclusion subjected to 
a eigenstrain (i.e., prestrain of freestanding inclusion) is embedded in an infinite matrix with 
the same elastic property, the constrained strain due to the matrix is related to the eigenstrain 
according to the Eshelby tensor.10,11 Analogously, the Eshelby tensor in thermoelectric 
problems relates the constrained field vector Z and the eigenfield 𝒁∗ as follows: 
𝑍ோ௠ ൌ 𝑆ோ௠௉௡𝑍௉௡∗ , (8)
where 𝒁∗ሺ𝒙ሻ ൌ ቄ𝑍∗ 𝒙 ⊂ 𝑉0 𝒙 ⊄ 𝑉ቅ. 
𝑆ோ௠௉௡ ൌ 𝜕𝜕𝑥௠ න
𝜕𝐺ெோሺ𝒚 െ 𝒙ሻ
𝜕𝑦௜ 𝐸௉௜ெ௡௏ 𝑑𝑉ሺ𝒚ሻ (9)
Here, 𝑉 is the volume of the inclusion whose thermoelectric properties are identical to the 
matrix. The Eshelby tensor is a function of the inclusion shape and the material properties of 
the matrix. The eigenfield vector 𝒁∗  can be considered as a fictitious electric field and 
temperature gradient field produced without an external source for a freestanding isolated 
inclusion, and the field vector 𝒁 is the field within the inclusion when it is embedded in the 
matrix.  
According to the mathematical analogy with the piezoelectric formulation, the Eshelby 
tensor for thermoelectricity for an ellipsoidal inclusion can be written as8  
𝑆ெ௡஺௕ ൌ 14𝜋 𝐸௉௜஺௕ න න ൬
𝜉
𝑎൰௜ ൬
𝜉
𝑎൰௡ 𝐾ெ௉
ିଵ𝑑𝜃𝑑𝜉ଷ
ଶగ
଴
ଵ
ିଵ
 (10)
where 𝐾ெ௉ ൌ ൬𝜉𝑎൰௦ ൬
𝜉
𝑎൰௧ 𝐸ெ௦௉௧,     
𝑥ଵଶ
𝑎ଵଶ ൅
𝑥ଶଶ
𝑎ଶଶ ൅
𝑥ଷଶ
𝑎ଷଶ ൌ 1 
𝜉ଵ ൌ ሺ1 െ 𝜉ଷଶሻଵ/ଶ cos θ ,  𝜉ଶ ൌ ሺ1 െ 𝜉ଷଶሻଵ/ଶ sin θ ,  𝜉ଷ ൌ 𝜉ଷ, 
where 𝑎௜ represents the length of the half-axis of the ellipsoid inclusion. For the spherical 
inclusion within an isotropic matrix, the Eshelby tensor can be simplified as 
𝑆ெ௡஺௕ ൌ 13 𝛿ெ஺𝛿௡௕, (11)
where δ୧୨ refers to the Kroneker delta (see Supplementary Note 1 for the derivation).  
The Eshelby tensor concept can be applied to solve a problem including an 
inhomogeneity, which refers to an inclusion having a different thermoelectric property 𝑬𝟏 
from the property of the matrix 𝑬𝟎, by considering equivalent fields. The inhomogeneity can 
be replaced with the inclusion by applying the equivalent eigenfield vector 𝒁∗,𝒆𝒒 , which 
satisfies the following equation:  
𝑱 ൌ 𝑬𝟏𝒁 ൌ 𝑬𝟎ሺ𝒁 െ 𝒁∗,𝒆𝒒ሻ, (12)
where J and Z are the flux vector and field vector in an inhomogeneity, respectively. 
For multiple inhomogeneities, the Mori–Tanaka method is used for predicting the 
effective material properties of a composite by considering the interaction between the 
inhomogeneities.11 Each inhomogeneity is assumed to be embedded effectively in the matrix 
subjected to a spatial average field of the matrix over the entire specimen (strain for elasticity, 
temperature gradient in thermal conduction), which is why the technique is referred to as the 
mean-field homogenisation method. Because the interaction between the inhomogeneities 
becomes intense at a high volume fraction of inhomogeneities, the Mori–Tanaka method is 
known to be reliable at a relatively low volume fraction of inhomogeneities (<20%). In this 
mean-field homogenisation scheme, the average fields in the matrix, inhomogeneity, and 
composite (𝒁𝟎, 𝒁𝟏, and 𝒁, respectively) are related as follows:  
𝒁𝟏 ൌ 𝑨𝒁𝟎 ൌ 𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ𝒁, (13)
where 𝐀 ൌ ൣ𝑰 ൅ 𝑺𝑬𝟎 𝟏ሺ𝑬𝟏 െ 𝑬𝟎ሻ൧ି𝟏 is the concentration tensor.  
   The effective thermoelectric matrix 𝑬𝒆𝒇𝒇 can be obtained from the relationship 
between the volume-averaged input and output fields within the composite— 𝒁  and 𝑱 , 
respectively—as follows. 
𝑬𝒆𝒇𝒇 ൌ ሺ𝑐଴𝑬଴ ൅ 𝑐ଵ𝑬ଵ𝑨ሻሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ
    ൌ 𝑬𝟎 ൅ 𝑐ଵሾሺ𝑬𝟏 െ 𝑬𝟎ሻିଵ ൅ 𝑐଴𝑺𝑬𝟎 ଵሿିଵ 
(14)
where 𝑬𝒆𝒇𝒇 ൌ ൤
𝝈𝒆𝒇𝒇 𝜶𝒆𝒇𝒇𝝈𝒆𝒇𝒇
𝜶𝒆𝒇𝒇𝝈𝒆𝒇𝒇 𝜸𝒆𝒇𝒇/𝑇௔௩௚൨ , 𝑐଴ ൅ 𝑐ଵ ൌ 1 
Here, 𝑐଴ is the volume fraction of the matrix, and 𝑐ଵ is the volume fraction of the inclusion 
(see Supplementary Note 2 for the derivation). For thermoelectric composites made of two 
isotropic materials, we obtain the closed-form expressions for the effective Seebeck coefficient, 
𝜶𝒆𝒇𝒇, and electrical and thermal conductivities, 𝝈𝒆𝒇𝒇 and 𝜿𝒆𝒇𝒇ሺൌ 𝜸𝒆𝒇𝒇 െ 𝑇௔௩௚𝜶𝒆𝒇𝒇𝝈𝒆𝒇𝒇𝜶𝒆𝒇𝒇ሻ 
(see Supplementary Note 3 for the explicit expressions). When α଴ ൌ 0, αଵ ൌ 0, the closed-
form solutions for the effective electrical and thermal conductivities are identical to the 
solutions obtained for a conventional composite conduction problem in the absence of the 
thermoelectric effect, as follows. 
σୣ୤୤ ൌ 𝜎଴ሺ2𝑐଴𝜎଴ ൅ 𝜎ଵ ൅ 2𝑐ଵ𝜎ଵ ሻ2𝜎଴ ൅ 𝑐ଵ𝜎଴ ൅ 𝑐଴𝜎ଵ  (15)
κୣ୤୤ ൌ κ଴ሺ2𝑐଴κ଴ ൅ κଵ ൅ 2𝑐ଵκଵ ሻ2κ଴ ൅ 𝑐ଵκ଴ ൅ 𝑐଴κଵ  (16)
The theoretical prediction for ZT is calculated using the following definition. 
ሺZTሻୣ୤୤ ൌ
𝜎௘௙௙𝛼௘௙௙ଶ
𝜅௘௙௙ 𝑇௔௩௚ (17)
We conduct FEA to validate the effective thermoelectric property solutions derived 
above. Using the Digimat software, 10 different representative volume elements (RVEs) are 
generated for volume fractions of 5%, 10%, and 15%, as shown in Figure 3. The length of one 
side of the matrix is set to 10 mm, and the diameter of the inclusion is set to 1 mm for the RVE. 
For the volume fractions of 5%, 10%, and 15%, 95, 186, and 286 spherical inclusions are used, 
respectively. The effective material properties for each RVE are obtained from the COMSOL 
program, and the mean values and error bars of the effective electrical and thermal 
conductivities and the effective Seebeck coefficient are presented in Figure 4. In the FEA, the 
average temperature is set to 300 K, and the temperature difference between the hot side and 
the cold side is set to 1% of the average temperature (3 K) for consistency with our assumption. 
To test the validity of the equation using an arbitrary composite having very different 
thermoelectric properties, we design the matrix to have the 300 K properties of p-type (α ൐ 0) 
bismuth telluride ሺBiଶTeଷሻ  with a peak ZT value of 0.397, which is a widely used 
semiconductor for thermoelectric applications, and design the inclusion to have the 300 K 
properties of copper, as shown in Table 1. As shown in Figure 4, the theoretical solutions well 
match the FEA results for a volume fraction up to 15%, with small error. With the increase of 
the volume fraction, the mismatch increases because the mean-field approximation becomes 
less valid.  
We also consider the limiting case, i.e., a porous thermoelectric material (inclusion has 
zero electrical and thermal conductivities and Seebeck coefficient), as depicted in Figure 5. 
With the increase of the porosity (volume fraction of voids), the effective electrical 
conductivity and the effective thermal conductivity decrease at the same rate, while the Seebeck 
coefficient and ZT are independent of the porosity. We can easily understand the porosity-
independent ZT according to the definition of the thermoelectric properties. Equation (1) is 
linear and holds for the zero-electric current density condition:  0 ൌ 𝝈ሺ𝒆 െ 𝜶∇𝑇ሻ or 𝒆 ൌ
𝜶∇𝑇. By integrating the left and right sides, we obtain the relationship between the open-circuit 
voltage (𝑉ை஼) and the temperature difference, as follows. 
𝑉ை஼ ൌ െ න 𝒆 ∙ 𝑑𝑥
௅
଴
ൌ െ න 𝜶∇𝑇 ∙ 𝑑𝑥
௅
଴
ൌ 𝛼ሺ𝑇ு െ 𝑇஼ሻ (18)
       Hence, 𝑉ை஼ is constant when the temperature varies continuously within the material 
domain. Because the effective Seebeck coefficient (𝛼௘௙௙) is the ratio of the open-circuit voltage 
(𝑉ை஼) to the temperature difference (𝑇ு െ 𝑇஼) between the hot and cold sides, 𝛼௘௙௙ is always 
the same regardless of the porosity. The ratio of the electrical conductivity to the thermal 
conductivity is maintained for a porous material. From Equation (1), with zero temperature 
gradient, we obtain 𝑱𝑬ሺ𝜵்ୀ଴ሻ𝝈 ൌ െ𝜵𝜙. From Equation (2), with zero 𝐽ா, we obtain 
𝒒ሺ𝑱𝑬ୀ଴ሻ
𝜿 ൌ
െ𝜵𝑇; the equations and boundary conditions for the electrical and thermal currents are exactly 
the same. Thus, the effective conductivities should have identical dependence on the spatial 
distribution of voids. The effective conductivities can be expressed as 𝜎௘௙௙ ൌ 𝐵𝜎 and 𝜅௘௙௙ ൌ
𝐵𝜅 , where 𝐵 is the geometry factor accounting for the effect of the porosity with 𝐵 ൑ 1 . 
Finally, because the definition of ZT is ఈమఙ఑ 𝑇, the effective ZT of a porous material is equal to 
the ZT of the bulk material, and in general, the ZT is independent of the porosity. 
Effective Thermoelectric Properties in Presence of Interfacial Resistance 
The theoretical analyses presented thus far do not consider the interfacial imperfection 
between the matrix and the inclusion. However, a non-negligible interfacial thermal resistance 
exists not only for the incoherent interface between the matrix and the inclusion involving 
physical defects but also for the coherent interface when the phonon spectra between the two 
materials are very different. An interfacial electrical resistance also exists, which is affected by 
the coupling of the interface chemistry, contact mechanics, and charge-transport mechanism. 
Hence, to model realistic thermoelectric composites with a large interfacial area fraction, it is 
essential to consider the interfacial resistance in order to accurately predict the effective 
material properties of the composite. In the literature, the interfacial electrical resistance is 
often referred to as the electrical contact resistance, and the interfacial thermal resistance is 
often referred to as the Kapitza resistance. As schematically depicted in Figure 1, the interfacial 
electrical resistance 𝛽  and interfacial thermal resistance  𝜃  are related to the electrical 
potential and temperature jumps, as follows. 
∆𝜙 ൌ െ𝛽𝑱𝑬 ∙ 𝒏 (19)
∆𝑇 ൌ െ𝑇𝜃𝑱𝑺 ∙ 𝒏 (20)
When the combined potential field 𝑼 for the electric potential and the temperature is defined 
as  
𝑈ு ൌ ቄ𝜙 𝐻 ൌ 1𝑇 𝐻 ൌ 2ቅ where 𝒁 ൌ െ𝛻𝑼, (21)
the potential jump due to interfacial resistances is expressed as  
∆𝑈ு ൌ െ𝜂ு௉𝐽௉௛𝑛௛ ൌ െ ൤𝛽 00 𝑇௔௩௚𝜃൨ ൤
𝐽ଵ௘ 𝐽ଶ௘ 𝐽ଷ௘
𝐽ଵ௦ 𝐽ଶ௦ 𝐽ଷ௦൨ ൥
𝑛ଵ𝑛ଶ𝑛ଷ
൩, (22)
where 𝜼 is a 2 ൈ 2 matrix containing the interfacial electrical and thermal resistances in its 
diagonal components. In the heat conduction or electrical conduction problem, it is analytically 
proven that the flux within a spherical inclusion in the presence of interfacial resistance is 
constant.12 Because of the mathematical analogy between the heat conduction and the 
thermoelectricity, the flux within a spherical inclusion in the presence of interfacial resistance 
is constant in the case of thermoelectricity as well. The field tensor Z within the inclusion in 
the presence of the interfacial resistance is given by the following equations.12,13 
𝑍ோ௠ሺ𝑥ሻ ൌ 𝜕𝜕𝑥௠ න
𝜕𝐺ெோሺ𝒚 െ 𝒙ሻ
𝜕𝑦௜ 𝐸ு௜ெ௡
 
௏
𝑑𝑉ሺ𝒚ሻ𝑍ு௡∗
െ 𝜕𝜕𝑥௠ න ∆𝑈ு𝐸ு௜ெ௡
𝜕𝐺ெோሺ𝒚 െ 𝒙ሻ
𝜕𝑦௜ 𝑛௡
 
ௌ
𝑑𝑆ሺ𝒚ሻ 
(23)
 
 ൌ 𝑆ோ௠ு௡𝑍ு௡∗ ൅ 𝜂ு௉ 𝜕𝜕𝑥௠ න 𝐽௉௛𝐸ு௜ெ௡
𝜕𝐺ெோሺ𝒚 െ 𝒙ሻ
𝜕𝑦௜ 𝑛௛ሺ𝒚ሻ𝑛௡ሺ𝒚ሻௌ 𝑑𝑆ሺ𝒚ሻ (24)
 
ൌ 𝑆ோ௠ு௡𝑍ு௡∗ ൅ 𝜂ு௉ 𝜕𝜕𝑥௠ න 𝐸௉௛ொ௤൫𝑍ொ௤ௌ
െ 𝑍ொ௤∗ ൯𝐸ு௜ெ௡ 𝜕𝐺ெோ
ሺ𝒚 െ 𝒙ሻ
𝜕𝑦௜ 𝑛௛ሺ𝒚ሻ𝑛௡ሺ𝒚ሻ 𝑑𝑆ሺ𝒚ሻ 
(25)
 ൌ 𝑆ோ௠ு௡𝑍ு௡∗ ൅ 𝜂ு௉𝐸௉௛ொ௤൫𝑍ொ௤ െ 𝑍ொ௤∗ ൯𝐸ு௜ெ௡𝑀௜ெ௡௛ோ௠ (26)
 where 𝑀௜ெ௡௛ோ௠ ൌ 𝜕𝜕𝑥௠ න
𝜕𝐺ெோሺ𝒚 െ 𝒙ሻ
𝜕𝑦௜ 𝑛௛ሺ𝒚ሻ𝑛௡ሺ𝒚ሻௌ 𝑑𝑆ሺ𝒚ሻ (27)
Accordingly, the modified Eshelby tensor 𝑺𝑴, which relates the eigenfield 𝒁∗ to the interior 
field Z in the presence of interfacial resistance, is defined as follows. 
𝑍ொ௤ ൌ 𝑆ொ௤ு௡ெ 𝑍ு௡∗  (28)
𝑆ொ௤ு௡ெ ൌ ൫𝛿ோொ𝛿௠௤ െ 𝜂ு௉𝐸௉௛ொ௤𝐸ு௜ெ௡𝑀௜ெ௡௛ோ௠൯ିଵሺ𝑆ோ௠ு௡
െ 𝜂௄௉𝐸௉௛ு௡𝐸௄௜ெ௦𝑀௜ெ௦௛ோ௠ሻ 
(29)
For a spherical inclusion with radius R, we have  
𝐸ு௜ெ௡𝑀௜ெ௡௛ோ௠ ൌ 𝐸ு௜ெ௡ 𝜕𝜕𝑥௠ න
𝜕𝐺ெோሺ𝒚 െ 𝒙ሻ
𝜕𝑦௜
𝑦௛
𝑅 𝑛௡ሺ𝒚ሻௌ 𝑑𝑆ሺ𝒚ሻ (30)
 
ൌ 1𝑅 ቈ𝐸ு௜ெ௡
𝜕
𝜕𝑥௠ න
𝜕𝐺ெோሺ𝑦 െ 𝑥ሻ
𝜕𝑦௡𝜕𝑦௜ 𝑦௛𝑑𝑉ሺ𝑦ሻ௏
൅ 𝐸ு௜ெ௡𝛿௛௡ 𝜕𝜕𝑥௠ න
𝜕𝐺ெோሺ𝑦 െ 𝑥ሻ
𝜕𝑦௜ 𝑑𝑉ሺ𝑦ሻ
 
௏
቉ 
(31)
 ൌ 1𝑅 ሾെ𝛿ுோ𝛿௠௛ ൅ 𝑆ோ௠ு௛ሿ, (32)
which allows us to arrange the modified Eshelby tensor 𝑺𝑴 as follows: 
𝑆ொ௤ு௡ெ ൌ ൤𝛿ோொ𝛿௠௤ െ 1𝑅 𝜂ு௉𝐸௉௛ொ௤ሺെ𝛿ுோ𝛿௠௛ ൅ 𝑆ோ௠ு௛ሻ൨
ିଵ
൤𝑆ோ௠ு௡
െ 1𝑅 𝜂௄௉𝐸௉௛ு௡ሺെ𝛿௄ோ𝛿௠௛ ൅ 𝑆ோ௠௄௛ሻ൨. 
(33)
Equation (33) can be simplified further for an isotropic matrix using Equation (11), as follows.  
𝑆ொ௤ு௡ெ ൌ ൤𝛿ோொ𝛿௠௤ ൅ 23𝑅 𝜂ோ௉𝐸௉௠ொ௤൨
ିଵ
൤13 𝛿ோு𝛿௠௡ ൅
2
3𝑅 𝜂ோ௉𝐸௉௠ு௡൨ (34)
By applying the modified Eshelby tensor within the Mori–Tanaka framework in the presence 
of interfacial resistance, the effective thermoelectric matrix for a composite is obtained as 
𝑬𝒆𝒇𝒇 ൌ ሺ𝑐଴𝑬𝟎 ൅ 𝑐ଵ𝑬𝟏𝑨𝑴ሻ ቀ𝑐଴𝑰 ൅ 𝑐ଵ𝑨𝑴 ൅ 𝑐ଵ𝑅 𝜼ഥ𝑬𝟏𝑨
𝑴ቁ
ିଵ
, (35)
where the modified concentration tensor is 𝑨𝑴 ൌ ቀ𝑰 ൅ 𝑺𝑬𝟎 𝟏ሺ𝑬𝟏 െ 𝑬𝟎ሻ ൅ ଵோ 𝜼ഥሺ𝑰 െ 𝑺ሻ𝑬𝟏ቁ
ିଵ, 
?̅?ோ௠௉௛ ൌ 𝜂ோ௉𝛿௠௛, and 𝑐଴ ൅ 𝑐ଵ ൌ 1. The explicit 6 ൈ 6 matrix representations of 𝑬𝟎, 𝑬𝟏, 𝑺, 
and 𝜼ഥ are presented in Supplementary Note 4. Although explicit solutions for the effective 
thermal and electrical conductivities and Seebeck coefficient accounting for the interfacial 
imperfection can be obtained from Equation (35) via the symbolic operation function 
implemented in a software such as Mathematica or MATLAB, we omit the closed-form 
expressions owing to their complexity. 
The theoretical solutions are validated against FEA results based on the identical RVEs 
used in the previous section for a wide range of the interfacial resistances, as summarised in 
Figure 6, which presents the interfacial electrical and thermal resistance normalised with 
respect to the following values. 
𝛽଴ ൌ 𝑅2𝜎଴ (36)
𝜃଴ ൌ 𝑅2𝜅଴ (37)
For a wide range of interfacial resistances, the theoretical predictions well match the FEA 
results up to an inclusion volume fraction of 15% (within the validity range of the Mori–Tanaka 
method). The effective thermoelectric properties approach those of a porous material in the 
limit of very large 𝛽 and 𝜃, while they become the values of perfect interface composites in 
the limit of 𝛽 ൌ 𝜃 ൌ 0. 
      The effective electrical conductivity decreases with the increase of 𝛽 at a fixed 𝜃, and 
it decreases with the increase of 𝜃 at a fixed 𝛽, as shown in Figure 6 (a)–(c). Clearly, the 
interfacial electrical resistance has a significant influence on the effective electrical 
conductivity. The interfacial thermal resistance also reduces the effective electrical 
conductivity because the electrical and heat conductions are coupled to each other in the 
thermoelectric materials. Similar behaviour is observed in the effective thermal conductivity, 
as shown in Figure 6 (d)–(f). In summary, both the electrical and heat conductivities are 
monotonically decreasing functions of the interfacial electrical and thermal resistances. 
     Interestingly, when the Seebeck coefficient of the matrix is larger than that of the 
inclusion, the effective Seebeck coefficient increases with the interfacial electrical resistance β 
at a fixed θ, as shown in Figure 6 (g) and (h). On the other hand, when the Seebeck coefficient 
of the matrix is smaller than that of the inclusion, the effective Seebeck coefficient decreases 
as β increases for a fixed θ, as follows. 
𝛽 ↑  → 𝛼௘௙௙ ↑ ሺ𝛼଴ ൐ 𝛼ଵሻ (38)
𝛽 ↑  → 𝛼௘௙௙ ↓ ሺ𝛼଴ ൏ 𝛼ଵሻ (39)
This is because influence of the Seebeck coefficient of the inclusion becomes smaller as β 
increases; thus, the effective Seebeck coefficient converges to that of the porous matrix (which 
is identical to that of the pure bulk matrix, as discussed previously). That is, a sufficiently large 
electrical contact resistance (𝛽 𝛽ை⁄ ≫ 1) blocks the electrical current through the inclusion, 
causing the inclusion to behave as an electrically insulating medium. On the other hand, the 
effective Seebeck coefficient decreases as θ increases regardless of the relative sizes of the 
Seebeck coefficients of the matrix and inclusions. Figure 6 (g) and (i) show the effective 
Seebeck coefficient when the Seebeck coefficient of the matrix is larger than that of the 
inclusion. 
𝜃 ↑  → 𝛼௘௙௙ ↓ ሺ𝛼଴ ൐ 𝛼ଵሻ (40)
𝜃 ↑  → 𝛼௘௙௙ ↓ ሺ𝛼଴ ൏ 𝛼ଵሻ (41)
This can be understood from the definition of the Seebeck coefficient. The Seebeck coefficient 
refers to the generated voltage difference given the temperature difference through the 
electrical path. If a temperature jump occurs at the interface, the effective total temperature 
difference and the V୓େ are reduced across the hot to cold side, while the electrical current can 
flow through the inclusion. As a result, the thermoelectric composite produces less voltage as 
𝜃 increases for a given temperature difference across the hot and cold sides.  
Having obtained the effective electrical and thermal conductivities and Seebeck 
coefficient analytically and numerically, we can obtain the ZT using Equation (17) in terms of 
the interfacial electrical and thermal resistances, as shown in Figure 7. The upper right corner 
of the two-dimensional ZT map corresponds to the porous material limit, and the lower left 
corner corresponds to the perfect interface limit. As discussed in the previous section, the ZT 
of the porous materials is identical to that of the pure matrix because the effects of the porosity 
on the electrical and thermal conductivities cancel each other out, while the Seebeck coefficient 
is independent of the porosity. Additionally, the ZT of the composite decreases when either the 
interfacial electrical resistance or the interfacial thermal resistance is significantly larger than 
the other. The theoretically predicted ZTs of thermoelectric composites having a few other 
combinations of the matrix and inclusion materials are presented in Supplementary Figure 1. 
Evaluation of Effective Thermoelectric Properties of Composite Subjected to Large 
Temperature Difference 
Thus far, for the ease of theoretical derivation, we assumed that the temperature 
difference between the hot and cold sides of the thermoelectric composite is very small. 
However, in practice, thermoelectric composites are subjected to a large temperature gradient 
on the order of 100 K/mm. Therefore, it is necessary to consider the effective properties of a 
thermoelectric composite subjected to a large temperature difference. As stated in the 
Introduction, we do not consider the temperature-dependent thermoelectric property in this 
study; rather, we focus on the explicit T dependence in the governing equation, as well as the 
thermoelectric matrix.  
The closed-form solutions for the thermoelectric properties obtained from Equation 
(14) include many terms involving the average temperature 𝑇௔௩௚ (see Supplementary Note 3 
for the explicit equation). All terms with 𝑇௔௩௚ have multiplicative factors containing square- 
or cubic-order Seebeck coefficients of the matrix and/or the inclusion. For realistic 
thermoelectric materials, these terms are negligible, as the Seebeck coefficient is on the order 
of 10ି଺ in SI units, while the operating temperature of a thermoelectric device is less than or 
equal to 10ଷ  K. Hence, the effective thermoelectric properties hardly depend on the 
temperature when the temperature dependence of the material properties of the matrix and the 
inclusion are not considered. This can be confirmed by comparing the theoretical results 
obtained using different 𝑇௔௩௚ values as the input, as shown in Figure 8 (a) and (b). 
We now consider a thermoelectric composite subjected to a large temperature 
difference ( 𝑇ୌ െ 𝑇஼ ) that can be up to several hundreds of Kelvin. This thermoelectric 
composite can be cut into many pieces so that the thermoelectric composite is regarded as a 
serial connection of pieces with a small temperature difference, as schematically illustrated in 
Figure 8 (c). As mentioned previously, the pieces of the composite have almost identical 
thermoelectric properties, although their average temperatures are very different. Hence, one 
can expect that a thermoelectric composite subjected to a large temperature difference would 
behave similarly to a thermoelectric composite subjected to a small temperature difference. To 
confirm this conjecture, we compare our theoretical prediction with FEA results obtained with 
a relatively large temperature difference, i.e., a relatively large ்ౄି்಴்ೌ ೡ೒ . A good match is obtained, 
as depicted in Figure 8 (d).  
 
Conclusion 
The theoretical solution for the effective thermoelectric properties of a composite is 
obtained for a composite involving spherical inclusions with interfacial electrical and thermal 
resistances. Our prediction is validated against FEA calculations as well as the limiting case 
with known behaviour: a porous thermoelectric material. In addition, we show that the 
theoretical solution can be applied to predict the properties of a composite subjected to a large 
temperature difference, despite the explicit T dependence in the governing equation.  
Although we made an important step towards the prediction of the effective 
thermoelectric property, there remain a few critical challenges. Realistic thermoelectric 
materials have non-negligible anisotropy, and the thermoelectric properties have significant 
temperature dependence within the operating temperature range. The anisotropy can be 
relatively easily (but not trivially) treated by the numerical integration of the Eshelby tensor. 
However, the non-monotonic temperature-dependent thermoelectric properties must be 
handled via a careful nonlinear homogenisation framework. Overcoming these challenges will 
be the objective of our continuing research endeavours. We believe that this line of study will 
pave the way for the systematic development of thermoelectric composites with enhanced 
efficiency. 
  
Tables 
 BiଶTeଷ Copper 
Thermal conductivity ሺ𝜅ሻ ሾW/mKሿ 2 400 
Electrical conductivity ሺ𝜎ሻ ሾS/mሿ 5 ൈ 10ସ 6 ൈ 10଻ 
Seebeck coefficient ሺ𝛼ሻ ሾμV/Kሿ 230 6.5 
ZT for 300 K 0.397 0.0019 
Table 1. Material properties used for comparing the theoretical solution with the FEA results. 
The material properties of BiଶTeଷ at 300 K are used for the matrix.14 The material properties 
of copper are used for the inclusions.15  
  
Figures and captions 
 
 
Figure 1. (a) Configuration of the interfacial electrical resistance. (b) Voltage jump through the 
interfacial electrical resistance. (c) Configuration of the interfacial thermal resistance. (d) 
Temperature jump through the interfacial thermal resistance. 
 
 
 
 
Figure 2. Configuration of the boundary condition for the thermoelectric generator. 
 
 
 
 
Figure 3. Configuration of RVE for the FEA at a volume fraction of 10%. The matrix size is 10 
mm × 10 mm × 10 mm, and the diameter of the inhomogeneity is 1 mm (i.e., d = 1 mm and L 
= 10 mm). 
 
 
 
 
 
 
Figure 4. Normalised effective thermoelectric properties and ZT ((a)𝜎௘௙௙/𝜎଴ , (b)𝜅௘௙௙/𝜅଴ , 
(c)𝛼௘௙௙/𝛼଴, (d)ሺ𝑍𝑇ሻ௘௙௙/ሺ𝑍𝑇ሻ଴) for a composite consisting of a BiଶTeଷ matrix and copper 
inclusion, where the subscript 0 refers to the properties of the matrix. The error bars are covered 
by markers. 
 
 
 
 
 
Figure 5. Normalised effective thermoelectric properties and effective ZT for a porous medium 
((a) 𝜎௘௙௙/𝜎଴, (b) 𝜅௘௙௙/𝜅଴, (c) 𝛼௘௙௙/𝛼଴, (d) ሺ𝑍𝑇ሻ௘௙௙/ሺ𝑍𝑇ሻ଴), where the subscript 0 refers to 
the properties of the bulk material. The error bars are covered by markers. 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Normalised effective thermoelectric properties for a composite consisting of a 
BiଶTeଷ matrix and copper inclusion in the presence of interfacial resistances. (a) 𝜎௘௙௙/𝜎଴ 
contour at a volume fraction of 15% in terms of 𝛽 and 𝜃 . (b, c) 𝜎௘௙௙/𝜎଴ when 𝜃/𝜃଴ ൌ
0.1 and  10, respectively. (d) 𝜅௘௙௙/𝜅଴ contour at a volume fraction of 15% in terms of 𝛽 
and 𝜃. (e, f) 𝜅௘௙௙/𝜅଴ when 𝛽/𝛽଴ ൌ 0.1   and 10, respectively. (g) 𝛼௘௙௙/𝛼଴ contour at a 
volume fraction of 15% in terms of 𝛽 and 𝜃. (h) 𝛼௘௙௙/𝛼଴ when 𝜃/𝜃଴ ൌ 10. (i) 𝛼௘௙௙/𝛼଴ 
when 𝛽/𝛽଴ ൌ 0.1. The error bars are covered by markers. 
 
 
 
 
Figure 7. (a) Normalised effective ZT for a composite with a BiଶTeଷ matrix and copper 
inclusion with respect to 𝛽 and 𝜃 at a volume fraction of 15%. (b) Normalised effective ZT 
with respect to 𝛽/𝛽଴ compared with the FEA results. (c) Normalised effective ZT with respect 
to 𝜃/𝜃଴ compared with the FEA results.  
 
 
 
 
 
 
 
 
Figure 8. (a) Theoretically predicted 𝜅௘௙௙/𝜅଴ with different average temperatures as the input 
for a composite with a BiଶTeଷ matrix and copper inclusion. (b) Theoretical 𝛼௘௙௙/𝛼଴ at 
different mean temperatures. (c) Configuration for converting the composite into a serial 
connection of homogenised pieces when a large temperature difference is imposed. (d) 
𝜅௘௙௙/𝜅଴ and 𝛼௘௙௙/𝛼଴ when a large temperature difference is imposed. The error bars are 
covered by markers.  
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Supplementary Note 1: Eshelby tensor for spherical inclusion with radius R in isotropic 
matrix  
The Eshelby tensor in thermoelectricity for an ellipsoidal inclusion is as follows. 
𝑆ெ௡஺௕ ൌ 14𝜋 𝐸௉௜஺௕ න න ൬
𝜉
𝑎൰௜ ൬
𝜉
𝑎൰௡ 𝐾ெ௉
ିଵ𝑑𝜃𝑑𝜉ଷ
ଶగ
଴
ଵ
ିଵ
 
where 𝐾ெ௉ ൌ ൬𝜉𝑎൰௦ ൬
𝜉
𝑎൰௧ 𝐸ெ௦௉௧,     
𝑥ଵଶ
𝑎ଵଶ ൅
𝑥ଶଶ
𝑎ଶଶ ൅
𝑥ଷଶ
𝑎ଷଶ ൌ 1 
𝜉ଵ ൌ ሺ1 െ 𝜉ଷଶሻଵ/ଶ cos θ ,  𝜉ଶ ൌ ሺ1 െ 𝜉ଷଶሻଵ/ଶ sin θ ,  𝜉ଷ ൌ 𝜉ଷ 
For a spherical inclusion with radius R in the isotropic matrix, the Eshelby tensor is simplified 
as follows. 
𝐾ெ௉ ൌ 𝜉௦𝜉௧𝑅ଶ 𝐸ெ௦௉௧ (for spherical inclusion) 
 ൌ 1𝑅ଶ 𝐷ெ௉   𝑤ℎ𝑒𝑟𝑒 𝑫 ൌ ቂ
𝜎 𝜎𝛼
𝜎𝛼 𝛾/𝑇ቃ & 𝜉ଵଶ ൅ 𝜉ଶଶ ൅ 𝜉ଷଶ ൌ 1 (for isotropic matrix) 
𝐾ெ௉ିଵ  ൌ 𝑅ଶሺ𝐷ିଵሻெ௉   𝑤ℎ𝑒𝑟𝑒 𝑫ି𝟏 ൌ
1
𝜎𝛾/𝑇 െ ሺ𝜎𝛼ሻଶ ቂ
𝛾/𝑇 െ𝜎𝛼
െ𝜎𝛼 𝜎 ቃ  
Then, 𝐾ெ௉ିଵ  is independent of 𝜉ଷ, and the Eshelby tensor is arranged as 
𝑆ெ௡஺௕ ൌ 14𝜋𝑅ଶ ሺ𝐾
ିଵሻெ௉𝐸௉௜஺௕ න න 𝜉௜𝜉௡𝑑𝜃𝑑𝜉ଷ
ଶగ
଴
ଵ
ିଵ
  
because 𝐸௉௜஺௕ ൌ 0 if i ് b ሺisotropicሻ, and න න 𝜉௜𝜉௡𝑑𝜃𝑑𝜉ଷ
ଶగ
଴
ଵ
ିଵ
ൌ ൝
4𝜋
3   𝑓𝑜𝑟 𝑖 ൌ 𝑛
0    𝑓𝑜𝑟 𝑖 ് n
 
𝑆ெ௡஺௕ ൌ 13𝑅ଶ ሺ𝐾
ିଵሻெ௉𝐷௉஺δ୧୬  
 ൌ ଵଷ δ୑୅δ୧୬. 
 
 
 
Supplementary Note 2: Derivation of effective thermoelectric matrix 𝑬𝒆𝒇𝒇 
From ?̅? ൌ ଵఆ ׬ 𝑱𝑑𝛺
 
ఆ  and 𝒁ഥ ൌ ଵఆ ׬ 𝒁𝑑𝛺
 
ఆ  where 𝛺 is the volume of the composite, we have 
𝒁ഥ ൌ 𝑐଴𝒁𝟎തതതത ൅ 𝑐ଵ𝒁𝟏തതതത and ?̅? ൌ 𝑐଴𝑱𝟎ഥ ൅ 𝑐ଵ𝑱𝟏ഥ ൌ 𝑐଴𝑬𝟎𝒁𝟎തതതത ൅ 𝑐ଵ𝑬𝟏𝒁𝟏തതതത ൌ 𝑬𝟎𝒁ഥ ൅ 𝑐ଵሺ𝑬𝟏 െ 𝑬𝟎ሻ𝒁𝟏തതതത. 
From Equation (13), 
 ?̅? ൌ ሾ𝑬𝟎 ൅ 𝑐ଵሺ𝑬𝟏 െ 𝑬𝟎ሻ𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵሿ𝒁ഥ, 
where ?̅? ൌ 𝑬𝒆𝒇𝒇𝒁ഥ. 
𝑬𝒆𝒇𝒇 ൌ 𝑬𝟎 ൅ 𝑐ଵሺ𝑬𝟏 െ 𝑬𝟎ሻ𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ 
 ൌ 𝑬𝟎 ൅ 𝑐ଵ𝑬𝟏𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ െ 𝑐ଵ𝑬𝟎𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ 
 ൌ 𝑬𝟎ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ ൅ 𝑐ଵ𝑬𝟏𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ െ 𝑐ଵ𝑬𝟎𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ 
 ൌ 𝑐଴𝑬𝟎ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ ൅ 𝑐ଵ𝑬𝟏𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ 
 ൌ ሺ𝑐଴𝑬𝟎 ൅ 𝑐ଵ𝑬𝟏𝑨ሻሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻି𝟏 
or 
𝑬𝒆𝒇𝒇 ൌ 𝑬𝟎 ൅ 𝑐ଵሺ𝑬𝟏 െ 𝑬𝟎ሻ𝑨ሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻିଵ 
 ൌ 𝑬𝟎 ൅ 𝑐ଵሾሺ𝑐଴𝑰 ൅ 𝑐ଵ𝑨ሻ𝑨ିଵሺ𝑬𝟏 െ 𝑬𝟎ሻିଵሿିଵ 
 
ൌ 𝑬𝟎 ൅ 𝑐ଵሾሺ𝑐଴𝑨ିଵ ൅ 𝑐ଵ𝑰ሻሺ𝑬𝟏 െ 𝑬𝟎ሻିଵሿିଵ 
ൌ 𝑬𝟎 ൅ 𝑐ଵሾሺ𝑰 ൅ 𝑐଴𝑺𝑬𝟎 ଵሺ𝑬𝟏 െ 𝑬𝟎ሻሻሺ𝑬𝟏 െ 𝑬𝟎ሻିଵሿିଵ 
 ൌ 𝑬𝟎 ൅ 𝑐ଵሾሺ𝑬𝟏 െ 𝑬𝟎ሻି𝟏 ൅ 𝑐଴𝑺𝑬𝟎 ଵሿିଵ 
 
 
 
 
Supplementary Note 3: Closed-form solutions for effective thermoelectric properties 
The closed-form solutions for the effective Seebeck coefficient and the effective electrical and 
thermal conductivities for a composite consisting of isotropic materials and spherical 
inclusions are as follows. 
𝜎௘௙௙ ൌ 𝜎଴ െ ሺ3𝑐ଵ𝜎଴ሺ2𝜅଴𝜎଴ െ 2𝜅଴𝜎ଵ ൅ 𝜅ଵ𝜎଴ െ 𝜅ଵ𝜎ଵ ൅ 𝑐ଵ𝜅଴𝜎଴ െ 𝑐ଵ𝜅଴𝜎ଵ െ 𝑐ଵ𝜅ଵ𝜎଴ ൅ 𝑐ଵ𝜅ଵ𝜎ଵ ൅ 𝑇௔௩௚𝛼଴ଶ𝜎଴𝜎ଵ ൅
𝑇௔௩௚𝛼ଵଶ𝜎଴𝜎ଵ െ 2𝑇஺௏ீ𝛼଴𝛼ଵ𝜎଴𝜎ଵ െ 𝑇௔௩௚𝛼଴ଶ𝑐ଵ𝜎଴𝜎ଵ െ 𝑇௔௩௚𝛼ଵଶ𝑐ଵ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵ𝜎଴𝜎ଵሻሻ/ሺ4𝜅଴𝜎଴ ൅ 2𝜅଴𝜎ଵ ൅
2𝜅ଵ𝜎଴ ൅ 𝜅ଵ𝜎ଵ ൅ 𝑐ଵଶ𝜅଴𝜎଴ െ 𝑐ଵଶ𝜅଴𝜎ଵ െ 𝑐ଵଶ𝜅ଵ𝜎଴ ൅ 𝑐ଵଶ𝜅ଵ𝜎ଵ ൅ 4𝑐ଵ𝜅଴𝜎଴ െ 𝑐ଵ𝜅଴𝜎ଵ െ 𝑐ଵ𝜅ଵ𝜎଴ െ 2𝑐ଵ𝜅ଵ𝜎ଵ ൅
2𝑇௔௩௚𝛼଴ଶ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼ଵଶ𝜎଴𝜎ଵ െ 𝑇௔௩௚𝛼଴ଶ𝑐ଵଶ𝜎଴𝜎ଵ െ 𝑇௔௩௚𝛼ଵଶ𝑐ଵଶ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴𝛼ଵ𝜎଴𝜎ଵ െ 𝑇௔௩௚𝛼଴ଶ𝑐ଵ𝜎଴𝜎ଵ െ
𝑇௔௩௚𝛼ଵଶ𝑐ଵ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵଶ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵ𝜎଴𝜎ଵሻ     
 
𝜅௘௙௙ ൌ ሺ𝜅଴ሺ4𝜅଴𝜎଴ ൅ 2𝜅଴𝜎ଵ ൅ 2𝜅ଵ𝜎଴ ൅ 𝜅ଵ𝜎ଵ ൅ 4𝑐ଵଶ𝜅଴𝜎଴ െ 4𝑐ଵଶ𝜅଴𝜎ଵ െ 4𝑐ଵଶ𝜅ଵ𝜎଴ ൅ 4𝑐ଵଶ𝜅ଵ𝜎ଵ െ 8𝑐ଵ𝜅଴𝜎଴ 
൅2𝑐ଵ𝜅଴𝜎ଵ ൅ 2𝑐ଵ𝜅ଵ𝜎଴ ൅ 4𝑐ଵ𝜅ଵ𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴ଶ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼ଵଶ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴ଶ𝑐ଵଶ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼ଵଶ𝑐ଵଶ𝜎଴𝜎ଵ 
െ4𝑇௔௩௚𝛼଴𝛼ଵ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴ଶ𝑐ଵ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼ଵଶ𝑐ଵ𝜎଴𝜎ଵ ൅ 8𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵଶ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵ𝜎଴𝜎ଵሻሻ/ሺ4𝜅଴𝜎଴ 
൅2𝜅଴𝜎ଵ ൅ 2𝜅ଵ𝜎଴ ൅ 𝜅ଵ𝜎ଵ െ 2𝑐ଵଶ𝜅଴𝜎଴ ൅ 2𝑐ଵଶ𝜅଴𝜎ଵ ൅ 2𝑐ଵଶ𝜅ଵ𝜎଴ െ 2𝑐ଵଶ𝜅ଵ𝜎ଵ െ 2𝑐ଵ𝜅଴𝜎଴ ൅ 5𝑐ଵ𝜅଴𝜎ଵ െ 4𝑐ଵ𝜅ଵ𝜎଴ 
൅𝑐ଵ𝜅ଵ𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴ଶ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼ଵଶ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴ଶ𝑐ଵଶ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼ଵଶ𝑐ଵଶ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴𝛼ଵ𝜎଴𝜎ଵ 
െ4𝑇௔௩௚𝛼଴ଶ𝑐ଵ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼ଵଶ𝑐ଵ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵଶ𝜎଴𝜎ଵ ൅ 8𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵ𝜎଴𝜎ଵሻ 
 
𝛼௘௙௙ ൌ ሺ4𝛼଴𝜅଴𝜎଴ ൅ 2𝛼଴𝜅଴𝜎ଵ ൅ 2𝛼଴𝜅ଵ𝜎଴ ൅ 𝛼଴𝜅ଵ𝜎ଵ െ 2𝛼଴𝑐ଵ𝜅଴𝜎଴ െ 4𝛼଴𝑐ଵ𝜅଴𝜎ଵ െ 4𝛼଴𝑐ଵ𝜅ଵ𝜎଴ ൅ 𝛼଴𝑐ଵ𝜅ଵ𝜎ଵ 
൅9𝛼ଵ𝑐ଵ𝜅଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴ଷ𝜎଴𝜎ଵ െ 2𝛼଴𝑐ଵଶ𝜅଴𝜎଴ ൅ 2𝛼଴𝑐ଵଶ𝜅଴𝜎ଵ ൅ 2𝛼଴𝑐ଵଶ𝜅ଵ𝜎଴ െ 2𝛼଴𝑐ଵଶ𝜅ଵ𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴ଷ𝑐ଵଶ𝜎଴𝜎ଵ 
൅2𝑇௔௩௚𝛼଴𝛼ଵଶ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴ଶ𝛼ଵ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴ଷ𝑐ଵ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴𝛼ଵଶ𝑐ଵ𝜎଴𝜎ଵ ൅ 8𝑇௔௩௚𝛼଴ଶ𝛼ଵ𝑐ଵ𝜎଴𝜎ଵ 
൅2𝑇௔௩௚𝛼଴𝛼ଵଶ𝑐ଵଶ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴ଶ𝛼ଵ𝑐ଵଶ𝜎଴𝜎ଵሻ/ሺ4𝜅଴𝜎଴ ൅ 2𝜅଴𝜎ଵ ൅ 2𝜅ଵ𝜎଴ ൅ 𝜅ଵ𝜎ଵ െ 2𝑐ଵଶ𝜅଴𝜎଴ ൅ 2𝑐ଵଶ𝜅଴𝜎ଵ ൅ 2𝑐ଵଶ𝜅ଵ𝜎଴ 
െ2𝑐ଵଶ𝜅ଵ𝜎ଵ െ 2𝑐ଵ𝜅଴𝜎଴ ൅ 5𝑐ଵ𝜅଴𝜎ଵ െ 4𝑐ଵ𝜅ଵ𝜎଴ ൅ 𝑐ଵ𝜅ଵ𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴ଶ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼ଵଶ𝜎଴𝜎ଵ ൅ 2𝑇௔௩௚𝛼଴ଶ𝑐ଵଶ𝜎଴𝜎ଵ 
൅2𝑇௔௩௚𝛼ଵଶ𝑐ଵଶ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴𝛼ଵ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴ଶ𝑐ଵ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼ଵଶ𝑐ଵ𝜎଴𝜎ଵ െ 4𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵଶ𝜎଴𝜎ଵ 
൅8𝑇௔௩௚𝛼଴𝛼ଵ𝑐ଵ𝜎଴𝜎ଵሻ 
 
 
Supplementary Note 4: Explicit expressions for 𝑬𝟎, 𝑬𝟏, 𝑺, 𝒂𝒏𝒅 𝜼ഥ 
With thermoelectric properties for the matrix 𝝈ሺ𝟎ሻ, 𝜿ሺ𝟎ሻ, 𝜶ሺ𝟎ሻ 
𝑬𝟎 ൌ
⎣
⎢⎢
⎢⎢
⎢⎢
⎢
⎡ 𝜎ଵଵሺ଴ሻ   𝜎ଵଶሺ଴ሻ    𝜎ଵଷሺ଴ሻ
𝜎ଶଵሺ଴ሻ   𝜎ଶଶሺ଴ሻ    𝜎ଶଷሺ଴ሻ
𝜎ଷଵሺ଴ሻ   𝜎ଷଶሺ଴ሻ    𝜎ଷଷሺ଴ሻ
𝜎ଵ௞ሺ଴ሻ𝛼௞ଵሺ଴ሻ 𝜎ଵ௞ሺ଴ሻ𝛼௞ଶሺ଴ሻ  𝜎ଵ௞ሺ଴ሻ𝛼௞ଷሺ଴ሻ
𝜎ଶ௞ሺ଴ሻ𝛼௞ଵሺ଴ሻ 𝜎ଶ௞ሺ଴ሻ𝛼௞ଶሺ଴ሻ  𝜎ଶ௞ሺ଴ሻ𝛼௞ଷሺ଴ሻ
𝜎ଷ௞ሺ଴ሻ𝛼௞ଵሺ଴ሻ 𝜎ଷ௞ሺ଴ሻ𝛼௞ଶሺ଴ሻ  𝜎ଷ௞ሺ଴ሻ𝛼௞ଷሺ଴ሻ
𝛼ଵ௞ሺ଴ሻ𝜎௞ଵሺ଴ሻ 𝛼ଵ௞ሺ଴ሻ𝜎௞ଶሺ଴ሻ 𝛼ଵ௞ሺ଴ሻ𝜎௞ଷሺ଴ሻ
𝛼ଶ௞ሺ଴ሻ𝜎௞ଵሺ଴ሻ 𝛼ଶ௞ሺ଴ሻ𝜎௞ଶሺ଴ሻ 𝛼ଶ௞ሺ଴ሻ𝜎௞ଷሺ଴ሻ
𝛼ଷ௞ሺ଴ሻ𝜎௞ଵሺ଴ሻ 𝛼ଷ௞ሺ଴ሻ𝜎௞ଶሺ଴ሻ 𝛼ଷ௞ሺ଴ሻ𝜎௞ଷሺ଴ሻ
𝛾ଵଵሺ଴ሻ/𝑇௔௩௚ 𝛾ଵଶሺ଴ሻ/𝑇௔௩௚ 𝛾ଵଷሺ଴ሻ/𝑇௔௩௚
𝛾ଶଵሺ଴ሻ/𝑇௔௩௚ 𝛾ଶଶሺ଴ሻ/𝑇௔௩௚ 𝛾ଶଷሺ଴ሻ/𝑇௔௩௚
𝛾ଷଵሺ଴ሻ/𝑇௔௩௚ 𝛾ଷଶሺ଴ሻ/𝑇௔௩௚ 𝛾ଷଷሺ଴ሻ/𝑇௔௩௚⎦
⎥⎥
⎥⎥
⎥⎥
⎥
⎤
 
With thermoelectric properties for the inclusion 𝝈ሺ𝟏ሻ, 𝜿ሺ𝟏ሻ, 𝜶ሺ𝟏ሻ 
𝑬𝟏 ൌ
⎣
⎢⎢
⎢⎢
⎢⎢
⎢
⎡ 𝜎ଵଵሺଵሻ   𝜎ଵଶሺଵሻ    𝜎ଵଷሺଵሻ
𝜎ଶଵሺଵሻ   𝜎ଶଶሺଵሻ    𝜎ଶଷሺଵሻ
𝜎ଷଵሺଵሻ   𝜎ଷଶሺଵሻ    𝜎ଷଷሺଵሻ
𝜎ଵ௞ሺଵሻ𝛼௞ଵሺଵሻ 𝜎ଵ௞ሺଵሻ𝛼௞ଶሺଵሻ  𝜎ଵ௞ሺଵሻ𝛼௞ଷሺଵሻ
𝜎ଶ௞ሺଵሻ𝛼௞ଵሺଵሻ 𝜎ଶ௞ሺଵሻ𝛼௞ଶሺଵሻ  𝜎ଶ௞ሺଵሻ𝛼௞ଷሺଵሻ
𝜎ଷ௞ሺଵሻ𝛼௞ଵሺଵሻ 𝜎ଷ௞ሺଵሻ𝛼௞ଶሺଵሻ  𝜎ଷ௞ሺଵሻ𝛼௞ଷሺଵሻ
𝛼ଵ௞ሺଵሻ𝜎௞ଵሺଵሻ 𝛼ଵ௞ሺଵሻ𝜎௞ଶሺଵሻ 𝛼ଵ௞ሺଵሻ𝜎௞ଷሺଵሻ
𝛼ଶ௞ሺଵሻ𝜎௞ଵሺଵሻ 𝛼ଶ௞ሺଵሻ𝜎௞ଶሺଵሻ 𝛼ଶ௞ሺଵሻ𝜎௞ଷሺଵሻ
𝛼ଷ௞ሺଵሻ𝜎௞ଵሺଵሻ 𝛼ଷ௞ሺଵሻ𝜎௞ଶሺଵሻ 𝛼ଷ௞ሺଵሻ𝜎௞ଷሺଵሻ
𝛾ଵଵሺଵሻ/𝑇௔௩௚ 𝛾ଵଶሺଵሻ/𝑇௔௩௚ 𝛾ଵଷሺଵሻ/𝑇௔௩௚
𝛾ଶଵሺଵሻ/𝑇௔௩௚ 𝛾ଶଶሺଵሻ/𝑇௔௩௚ 𝛾ଶଷሺଵሻ/𝑇௔௩௚
𝛾ଷଵሺଵሻ/𝑇௔௩௚ 𝛾ଷଶሺଵሻ/𝑇௔௩௚ 𝛾ଷଷሺଵሻ/𝑇௔௩௚⎦
⎥⎥
⎥⎥
⎥⎥
⎥
⎤
 
𝑺 ൌ
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Supplementary Figure 1 
 
Figure 1. Normalised effective ZT at a volume fraction of 15% depending on 𝛽 and 𝜃 for (a) 
a BiଶTeଷ  matrix with a copper inclusion at 300 K, (b) a copper matrix with a BiଶTeଷ 
inclusion at 300 K, (c) a CoSbଷ matrix with a Yb െ CoSbଷ inclusion at 800 K, and (d) a 
Yb െ CoSbଷ matrix with a CoSbଷ inclusion at 800 K (see Supplementary Table 1 for the 
material properties of CoSbଷ and Yb െ CoSbଷ). 
  
Supplementary Table 1 
 CoSbଷ16 Yb െ CoSbଷ17 
Thermal conductivity ሺ𝜅ሻ ሾW/mKሿ 4 3.2 
Electrical conductivity ሺ𝜎ሻ ሾS/mሿ 8 ൈ 10ସ 16 ൈ 10ସ 
Seebeck coefficient ሺ𝛼ሻ ሾμV/Kሿ 240 200 
ZT for 800 K 0.9216 1.6 
Table 1. Material properties of CoSbଷ and Yb െ CoSbଷ at 800 K.  
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